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Abstract. We study the dynamics of localised modes in a random one-dimensional diluted
Heisenberg antiferromagnet with an XY anisotropy and an applied magnetic field per-
pendicular to the chain, using the double-time retarded and advanced Green functions at
zero temperature.

1. Introduction

The study of elementary magnetic excitations on the random one-dimensional diluted
antiferromagnet is interesting both theoretically and experimentally (Birgenau and
Shirane 1978, Cowley et al 1980). Theoretically, the parameters of the model are those
of the pure system, which can be defined precisely (Wolfram and Callaway 1963, Cowley
and Buyers 1972, Harris et al 1974, Holcomb 1974), and we can find analytical solutions
for the problem using well known approximation schemes. Experimentally, nature
offers us real physical systems that correspond remarkably closely to these idealised
models, which allow the necessary test for our theories. Neutron studies of the more
notable random one-dimensional diluted antiferromagnet (CD;),NMn,Cu,_.Cl;
(tMmMc: Cu) (Endoh et al 1979, 1981, Boucher et al 1978, Shirane and Birgenau 1977)
have contributed to the understanding of the static and dynamic behaviour of the random
one-dimensional diluted antiferromagnet.

The effects of randomness are most dramatic in one dimension (Nagler et al 1984,
Birgenau and Shirane 1978, Endoh et al 1981) because the presence of a single vacancy
in the spin chain breaks up the long-range correlation and blocks up the free propagation
of spin waves. Then, for the dynamics, the random one-dimensional diluted anti-
ferromagnet is constituted by a set of finite chains. As in a chain an end spin has only
one nearest neighbour whereas an interior spin has two, a resonance associated with
excitations on end spins is expected to occur at one-half the zone boundary frequency.
However, as we discuss extensively in this paper, the presence of localised modes
associated with excitations on end spins depends on the Hamiltonian of the model.

Inthis paper we investigate the resonances associated with excitations on end spins of
therandom one-dimensional diluted Heisenberg antiferromagnet with an XY anisotropy
and an applied magnetic field perpendicular to the chain.
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We consider a random two-sublattice antiferromagnet chain model, with the
impurity-host atom exchange parameter small relative to the host atom-host atom
exchange parameter. In the limit of low concentration of impurities and with no tendency
for the formation of clusters of impurities, so pairs of impurities are very rare, and at
zero temperature, if the spins of the host atoms are sufficiently large, independently of
the sign of the impurity-host atom exchange parameter, the chain has long-range order
and is in the classical Néel ground state.

Our results can be tested on TMMC: Cu at very low temperatures, in the limit of low
concentration of Cu, because the Mn—Cu exchange parameter is small relative to the
Mn-Mn exchange parameter, there is no tendency for the formation of clusters of Cu
atoms in this compound, and the Mn atom has a spin (S = 5/2) sufficiently large.

In the Heisenberg chain the excitations on end spins are not separated from the spin-
wave band. This is explained in terms of the singular nature of the density of states in
one dimension at the band edges (Endoh et al 1981). We show that an XY anisotropy
separates the excitations on end spins from the excitations on interior spins. In this
respect this work complements the work of Endoh ez al (1981), who show that an Ising
anisotropy separates the excitations on end spins from the excitations on interior spins.

Thermodynamically, an XY anisotropy and an applied magnetic field perpendicular
to the chain in the Heisenberg chain are equivalent (Pires and Gouvéa 1984). We show
that an applied magnetic field perpendicular to the chain, differently from an XY
anisotropy, does not separate the excitations on end spins from the excitations on interior
spins.

The Ising chain and the Heisenberg chain with an XY anisotropy and an applied
magnetic field perpendicular to the chain with & = 2[2(1 — b)]2, where 4 is the scaled
applied magnetic field and b is the anisotropy parameter, are thermodynamically equiv-
alent (Pires and Gouvéa 1984). We show that this equivalence is not preserved in the
dynamics of these random diluted antiferromagnets.

2. Hamiltonian

The model we treat is a one-dimensional Heisenberg antiferromagnet, with an XY
anisotropy and a magnetic field applied perpendicular to the chain, in which a fraction,
1 — ¢, of magnetic ions chosen at random are replaced by non-magnetic ions. The
Hamiltonian for this model may be written as

H =2 2 Pu0us1(Sy* Spsy — DS2S2,) — ugH 2. p,,Si 2.1)

with the z axis along the chain direction. Here J and D are the exchange and anisotropy
interaction parameters, g is the Bohr magneton, g is the Landé factor and H is the
applied magnetic field. The p, are random variables having the value 1 or 0 depending
on whether or not the site n is occupied by a magnetic ion. We assume the p, are
independent: p, = p2 =c, and p,,p, = ¢ if n # m. The non-magnetic ions create
vacancies randomly distributed in the spin chain.

It is convenient to write the Hamiltonian (2.1) in terms of the spin creation and
annihilation operators S;, and S;,. At zero temperature and in the low-concentration
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limit of non-magnetic ions widely separated, at the Néel ground state, all spins are
aligned in the y direction, so we write

bo=82 +iS%, Sn =25 —1i5;, (2.2)
which obey the commutation relations
[S;US;] =26mns¥n [S%Jnss:] = 6mnS;z [anas;] = _6mns;l‘ (23)

Equation (2.1) may be expressed in terms of these operators, with the result

H =202 0,0n+1[558%41 + 31— D/2)(SFSpar + S78741)

— 4D(S} SFv1 + 87 S701)] + HugH 2 p,(Si - S;). (2.4)

For convenience we have defined operators that create excitations on vacancy sites
as well as on the magnetic sites. The random variables p, ensure that the non-physical
excitations on the vacancies are decoupled from the true magnetic excitations of physical
interest.

It is convenient to modify the Hamiltonian so that each term does not depend on
the product of two random variables, p,p, ,,. So we take the additive form for the
Hamiltonian

¥ =, — 2 g%, (2.5)

with
Ho = 2 {2J[S48%+1 + 31— D/2)(S; Sie1 + S7 Stn)

—1D(S; Sie1 + S5 Sue )] + (ugH/2)(Sy ~ So)} (2.6)
and

%, = § {27878+ a +3(1 — D/2)(S7 Siva + 57 Stia)

—iD(S} Sfia + 7S a)] + (iugH/2)(ST — Si)} 2.7

where A = =1 and the g, are random variables having the value 1 or 0 depending on
whether or not the site / is occupied by a vacancy.

The Hamiltonians (2.4) and (2.5) are equivalent except when two or more vacancies
are nearest neighbours of one another. Since magnetic properties depend only on the
magnetic ions, the excitations will not be affected if we compute properly only the
contributions of the magnetic sites. In our model there is no tendency for the formation
of clusters of vacancies, so in the low-concentration limit pairs of vacancies are very rare.

3. Green functions

We study the excitations of the system by using the retarded and advanced Green
functions (Zubarev 1960)

8rn (1) = —10()([S5.(), SE(0)])o (3.1a)
8o (t) = 10(=1){[S7(»), SE(O)]o (3.1b)
where the angular brackets with the 0 subscript denote the ground-state average.
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We introduce the temporal Fourier transform
g = [ gra@ e, (3.2)

So, if we make a cut along the real axis of the complex variable @, under very general
conditions, we can consider the functions g}, () and g%, (w) as a single analytic function
defined as

grm() Im >0
on (@) = (5550 = (33)
gom(w) Imw <0.
The dynamic equation for this Green function is
(S5 SBho + ([Sh. %] : SE)w = (S, SED 34
and in the calculations we assume the standard decoupling of the second term on the left
(8785 : SEY = (S14Ss : SEY a(f) # y. (3.5)
We also introduce the spatial Fourier transform
1 .
Glg, w) = 5 2 e g 1, () (3.6a)
G(g, 0) = 2 4" (g, () N— (3.60)
and its inverse
1 4
Gon(0) = 2 €747 G(g, ©) = g () (3.7)
q
with
1
<gmn(w)>=ﬁ$ g1+m—n,1(w)- (38)

The Green function (3.7) depends only on the difference (m — n), because the
averaging process restores the translational symmetry.

The Green functions g and G contain features representing the spin excitations and
spurious excitations on the vacancies. We require only the physical response p,,0,8m.(®)
on magnetic sites

- 1 )
G(q, w) = _1\72 e~ 5 0,G (@) (3.9a)

G(g, w) = 2 4" (p, p,G,,.(»)) N— . (3.9b)

However, it is easier to work with G(g, ) than with G(q, ). So we will make all
calculations using G(g, w) and then relate these to G(gq, w) by the formal equation
(Harris et al 1974)

G(g, w) =[1 - L(g, »)IG(q, ) (3.10)

where L(g, w) is the vacancy projector, which we define after describing the calculation
of G(g, w).
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As we are studying a two-sublattice model, it is convenient to introduce the four
Green functions (Lines 1964)

gih(@) = €S} : S Y g2.(0) = (S5 : 5}V (.1
g2 (0) = 4S5 : S7 Ve 82, (0) = (Sm : SV '

Here gll,(w) and g2, (w) are non-zero only if the sites m and n belong to the same
sublattice, while g12,(w) and g2}, (w) are non-zero if the sites m and n belong to different
sublattices.

4. The pure chain

We introduce the canonical transformation of the spin operators on the down sublattice
defined as (Cowley and Buyers 1972)

SH—S S—Sh Sy — =57, (4.1)
where m is a site of the down sublattice.

In the study of the pure chain we introduce the four Green functions

P (w) = g3 (w) = G () (4.2)
with a(f) = 1 and 2. The last equality in (4.2) comes from translational symmetry of the
pure crystal.

From the dynamic equation (3.4) and from the standard decoupling procedure (3.5)
we find the dynamic equations for the Green functions (4.2) as

2 [(@ = B 20)I8 i = D i }Pin(@) = 8, K (4.3)
where ‘
10 D1 D™ Pl p2 1 0
I= 0 1 D= DY p2 P= py  p2 K= 0 -1 (4.4)
_and
D}t =28, DP? =2(1 = D/2)d;.4, D} =-D} D¥ = -D} 4.5)

with a frequency scale 2JS = 1 and h = ugH/2JS.
The equations (4.3) are solved by using spatial Fourier transform (3.6) to give

1 )
P(q, 0) = % 2 €4 Pif(0) (4.6a)
P¥#(q,0) = X €4 Pk (), (4.6b)
So, we find
x(w)—2 acosq PY(q,w) PY%(q,w) 1 0 47
—acosq x(w)+2||P(q,w) P*(q,w) 0 -1 '
or
1 w)+2 —acosgqg
P(q, w) = 4.8
(. @) X (@)—4+a’cos’q| —gcosq  —x(w)+2 “8)

with the lattice parameter A = 1, and
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x(w)=w—h*2w a=2-D. 4.9)

The elementary magnetic excitations of this system are magnons given by the poles
of the equation (4.8). So

x*(w)—4+a’cos’qg=0 (4.10)

gives the elementary magnetic excitations of the pure chain.

5. The random diluted system

From the dynamic equation (3.4) and using the Hamiltonian (2.5), the canonical oper-
ator transformation (4.1) and the standard decoupling procedure (3.5), we derive a
Dyson equation for the Green functions of the random diluted system

gmn(@) = P, (@) + kE P (0)V(w)g,(w) (5.1
J
with
gl g? yir oy
8= g? g2 V= yau o oy (5.2)
and
V= E{: q:V, (5.3)

where V;is the potential associated with a single vacancy on the site / and has the four
blocks with non-null elements

10 0 010
Vil (w)=-|0 2+ h*20 O Vi (w)=—-%a|1 0 1 5.4
0 0 1 010 4
Vit(w) =V} (w) Vi (w) = Vi'(- ).
We introduce the scattering 7 matrix defined as
with
an(w) = 6mn - % Pmk(w)an(w) (56)
and rewrite equation (5.1) as
gmn(w) = Pmn(w) + kE Pmk(w)Tkj(w)gjn(w)- (57)
s}

We can also write formally a Dyson equation for the Green functions G,,,(w), i.e.
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Gon (@) = Ppu(@) + ; P (0)04(0)G, () (5.8)
J
where
Gll G12 0.11 0.12
G= o= (5.9)
G21 G22 0,21 022

and o(w) is the self-energy.
We see from (5.3) that the problem of a single vacancy localised on the site / is
tractable. The scattering T matrix is now given by

T (@) = 2 Vi (@) Mihy (@) - (5.10)
with

My (0) = S = 2 P @)V 1t () (5.11)
The 7; matrix has non-null elements only in four blocks, similarly to the blocks of V,
defined in (5.4). The presence of g on the right-hand side of equation (5.1) shows that

the exact solution includes multiple scattering of the spin excitations by a single defect.
From the configurational average of equation (5.7) and from equation (5.8) we find

o= (I+(T)P)"XT) (5.12)

where (T') is the configurational average of the scattering T matrix.
In order to find the configurational average of the scattering 7 matrix, we first write

T=V(1+PT) =20, (5.13)
!
where
Q,=q,V,1+PT)= T,(1+PE Qm>. (5.14)
m#!
To eliminate the restriction m # [ in (5.14), we introduce the operator P defined as
P = psb if m(n)#=1-1,1,1+1
_ (5.15)
P =0 it m(ny=1-1,1,1+1
and a(B) = 1.2. From (5.14) and (5.15) we derive
T=> T/(1+PT). (5.16)
!
Let us make the approximation (average T-matrix approximation (ATA))
(Enn)=(S1)n=0-omxm (5.17)
to find
(T)=[1- (1= cXTPP] ™' (1 = KT (5.18)

From (5.12) and (5.18) we derive
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o=[1— (1 - cXTHP] (1= cKTp. (5.19)
So in the low-concentration limit (1 — ¢) < 1, we have
o=(1-cXT) (5.20)

where (7)) is the configurational average of the scattering matrix for a single localised
vacancy. '

The Green functions G,,,(w) have translational symmetry (3.7), then the spatial
Fourier transform of (5.8) is

G(g, w) = P(q, w) + P(q, w)o(q, 0©)G(g, w) (5.21)

where

1 .
G*(g, w) = 5 2 Gify(w) e
- (5.22)
o(g,0)=(1-c¢) 2 T, (w) e,

T¢,, has non-null elements for m(n) = —1, [, I + 1, where [ is a site occupied by a
vacancy, and () = 1, 2.
From (5.21) we find

G(q, w) = [I = P(q, w)o(q, w)] "' P(q, w). (5.23)

In order to find the vacancy projector L{q, w), we introduce the restricted spatial
Fourier transform (Cowley and Buyers 1972)

1 ,
Glg, @) = 1y 2 aign(@) e~

Z(q’ (1)) = E Vl;kl(w) eiq(k—l)
k (5.24)

G0 @) = 2 g (@) 1070
Va(g, @) = 2 Viprea(@) e
where A = *1. So the spatial Fourier transform of equation (5.1) is
G(q, 0) = P(g, w) + P(g, 0)¥(q, ©)G(q, 0)
+ 2 P(g, 0)Ya(q, ©)Ga (g, ©) (5.25)
From equations (5.21) and (5.25) we find
o(g, w)G(g, ) = ¥(q, 0)G(q, ®) + % Vg, w)Galg, w) (5.26)

from which we derive
G(g, ®) = (1 = )M(q, w)G(q, ®) = L(g, 0)G(g, ®) (5.27)

with
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M(q, 0) = 2 Mih(w) e,
I—n

Then the physical Green function is
G(q, 0) = G(g, ») = G(g, ) = [l - L(g, ©)|G(g, »). (5.28)

The poles of the physical Green function (5.28) give the magnetic elementary exci-
tations of the random diluted system. Equations (5.28), (5.27), (5.24) and (5.11) show
thatthe excitations associated with the defects, created by the vacancies, are the solutions
of the determinant equation

det(l — PV;) = 0. (5.29)
We can factorise this equation to find
x(@) = 41 - 31 - b)*]VH9 ~ (1 - B)M]V2 — [1 - 4(1 - )*]*} =0 (5.30)
with the anisotropy parameter
b=1-D. (5.31)

The physical quantity of experimental interest is the scattering function, which is
directly related to the scattering cross section in a scattering experiment. This quantity
is related to the Greeen function at zero temperature by (Lovesey 1980, Cowley and
Buyers 1972)

S(g, ) = Im[G" (g, ) = G"(q, @) + G*(g, w) = G*(g, w)] (5.32)

where the upper signs refer to nuclear reciprocal lattice points and the lower signs refer
to magnetic reciprocal lattice points.
Substituting (3.10) in (5.33) we obtain

S(q, ) =Im{[1 - L' (g, w) = L*(q, 0)][G' (g, ®) = G'*(g, w)]

+[1 = L%(q, 0) = L¥(q, 0)][G*(q, w) = G*(q, 0)]}, (5.33)
Using the well known Dirac formula
1 1_
m=}1 imd(X) (5.34)

and (5.6), (5.23) and (5.27), we see that (5.33) is a linear combination of delta functions
with arguments given by (4.10) and (5.30).

So our theory gives a zero halfwidth at the half-maximum of the scattering function,
which is consistent with the approach used in this work (Birgenau and Shirane 1978).
The non-zero halfwidths at the half-maximum of the scattering function in the works of
Harris et al (1974), Holcomb (1974) and Endoh et al (1981) are introduced ad hoc,
considering a non-null small imaginary part in the frequencies of the scattering function.

Consequently, equations (4.10) and (5.30), and equation (5.33), give the same
information about the dynamics of the system.

6. Results and discussion

We discuss the roles played by XY anisotropy and by applied magnetic field per-
pendicular to the chain, and the effect of both on the localisation of the resonances
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Figure 1. Frequency w (in units of 2JS) versus
the XY anisotropy parameter b, showing how the
resonance associated with the defect is pushed to
zero frequency as the model is changed from XY
model to isotropic Heisenberg model, as the b
parameterisincreased from0to 1, withno applied
magnetic field.

Figure 2. Frequency w (in units of 2JS) versus the
Ising anisotropy parameter d, with no applied
magneticfield, showing how the resonance associ-
ated with the defect is pushed to zero frequency as
the modelis changed from Ising model to isotropic
Heisenberg chain, as the d parameter is increased
from Oto 1. (After Endoh ez al 1981.)

associated with excitations on end spins of the random one-dimensional diluted Hei-
senberg antiferromagnetic chain.

We show in figure 1 the role played by XY anisotropy. The superior and inferior
limits of the energy band are given by equation (4.10) withh = 0,and g = x/2 and g =
0, respectively. The excitations on spin chain ends are given by equation (5.30). We see
that, in the Heisenberg chain, b = 1, there are no separated resonances associated with
excitations on end spins. This is explained in terms of the singular nature of the density
of states in one dimension at the band edges (Endoh et al 1981). When the anisotropy
parameter decreases from b = 1to b = 0, i.e. the model is changed from Heisenberg to
XY model, the resonances associated with excitations on end spins separate from the
spin-wave band. At b = 0, i.e. XY model, the resonance associated with excitations on
end spins occurs at a frequency equal to one-half of the inferior limit of the spin-wave
band frequencies.

In figure 2 we show results of a similar study of Endoh et al (1981), who show that,
when the Ising anisotropy parameter d changes from d = 1 to d = 0, i.e. the model is
changed from Heisenberg to Ising, the frequencies of the resonances associated with
excitations on end spins are different from the spin-wave band frequencies.

This part of our work complements the work of Endoh e al (1981) and we can
conclude that in the Heisenberg model the anisotropy, independent of its type, separates
the frequencies of the resonances associated with excitations on spin chain ends from
the spin-wave band frequencies.

Thermodynamically, the Heisenberg chains with an applied magnetic field per-
pendicular to the chain or with an XY anisotropy with 4 = 2[2(1 — b)]/2, where h is the
scaled magneticfield (h = pugH/2JS) and b is the XY anisotropy parameter (b = 1 — D),
are equivalent (Pires and Gouvéa 1984). In figure 3 we show plots of the spin-wave band
with b = 1 (Heisenberg model), and of resonances associated with excitations on end
spins, equation (5.30). We see that the resonances associated with excitations on end
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Spin-wave band
L

b=0.99

-
A

A, —

0 h 0.32
Figure 3. Frequency w (in units of 2JS) versus the Figure 4. Frequency w (in units of 2J5) versus the
scaled applied magnetic field h (h = ugH/2JS), scaled applied magnetic field h (h = ugh/2JS),
for the isotropic Heisenberg chain. with XY anisotropy parameter b = 0.9914.

spins do not occur at frequencies outside the spin-wave band, even for fields as great as
70kOe (h = 0.32). Then, differently from XY anisotropy, an applied magnetic field
perpendicular to the chain does not localise the resonances associated with excitations
on end spins.

An Ising model and a Heisenberg model with an XY anisotropy and an applied
magnetic field perpendicular to the chain, with h=2[2(1 — b)]"?, are thermo-
dynamically equivalent (Pires and Gouvéa 1984). As we are interested particularly in
TMMC: Cu, in figure 4 we plot equations (4.10) and (5.30) with b = 0.9914, which is the
XY anisotropy parameter of TMMC : Cu (Heilmann et al 1981). First, we see a split of the
spin-wave band, which comes from the out-of-plane spin contributions. Secondly, for
b =0.9914 and h = 0.26, the Heisenberg model does not have the same behaviour as
the Ising model.

Then we may conclude that the thermodynamic equivalence between an XY ani-
sotropy and an applied magnetic field perpendicular to the chain, and between the Ising
model and the Heisenberg model with an XY anisotropy and an applied magnetic field
perpendicular to the chain, are not preserved on the dynamics of the random one-
dimensional diluted antiferromagnets.
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Appendix

In the calculations using equation (5.30) we have to know the Green functions
P¥(w), « (B)=1, 2, which have translational symmetry, whence P2(w)=
Pff_,(w), and we need to evaluate P§*(w), P§*(w) and P{#(w).
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These Green functions are given by equation (3.8) as
1 :
P(w) =5 2 e PP (g, w) (A1)
q

which for an infinite chain can be approximated by the integral over the first Brillouin
zone

1 1”7 .
P(@)=5= [ e nP(g, 0)dg. (A2)

In the evaluation of the integrals (A.2) we make use of the residues method to find
Pi(w) =x +2/(A? + AB)\/
P (w) =[x +2/B(A? + AB)'?][-(2A + B) + 2(A? + AB)'?] (A.3)
PP(w) = [2/a(A? + AB)'2][A — (A% + AB)'?]
with ‘
A=x?-4 B=a? (A4)

P2(w) = P (—w) PY(w) = P*(w). (A.5)

When A is real and |A| < B the integrals (A.2) are not well defined; following the
standard procedure (Wolfram and Callaway 1963) we add to the frequency a small,
positive, imaginary part.

As we are interested only in the localised impurity states, we take in our calculations
wrealand |A| > B.
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